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In recent years, the fractal theory has been developed rapidly, and it has been widely used in the fields of science and engineering. Some researchers have used the fractal theory to discuss and generalize some classical inequalities on fractal sets \[[@CR5], [@CR6]\], but the research into the Hilbert-type integral inequality on the fractal set is still not involved. In this paper, by using the fractal theory and the method of weight function to make a meaningful attempt, a Hilbert-type integral inequality and its equivalent form on a fractal set are established.
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                \begin{document} $$\begin{aligned}& \omega ( \alpha, p,x ) := \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} \frac{1}{\max \{ x^{\alpha}, y^{\alpha} \} } \frac{y^{- \frac{\alpha}{2}}}{ x^{- \frac{p\alpha}{2q}}} ( dy )^{\alpha},\quad x\in ( 0, +\infty ), \\& \omega ( \alpha, q,y ) := \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} \frac{1}{\max \{ x^{\alpha}, y^{\alpha} \} } \frac{x^{- \frac{\alpha}{2}}}{ y^{- \frac{q\alpha}{2p}}} ( dx )^{\alpha},\quad y\in ( 0, +\infty ). \end{aligned}$$ \end{document}$$ *Then* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \eta ( \alpha ) = \frac{2^{\alpha+1}}{\varGamma (1+\alpha)}. $$\end{document}$$

Proof {#FPar10}
-----
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                \begin{document}$( dy)^{\alpha} = x^{\alpha} ( du )^{\alpha}$\end{document}$. Note the following exchange integral, let $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$u^{- \frac{\alpha}{2}} (du)^{\alpha} = 2^{\alpha} (ds)^{\alpha}$\end{document}$. Then we have $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} \omega ( \alpha, p,x ) =& \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} \frac{1}{\max \{ x^{\alpha}, y^{\alpha} \} } \frac{y^{- \frac{\alpha}{2}}}{x^{- \frac{p\alpha}{2q}}} ( dy )^{\alpha} \\ =&x^{\frac{\alpha}{2} ( p-2 )} \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} \frac{\max\{1,u^{\alpha}\}}{\max \{ x^{\alpha}, y^{\alpha} \} } u^{- \frac{\alpha}{2}} ( du )^{\alpha} \\ =&x^{\frac{\alpha}{2} ( p-2 )} \frac{1}{\varGamma ( \alpha+1 )} \biggl[ \int_{0}^{1} u^{- \frac{\alpha}{2}} ( du )^{\alpha} + \int_{1}^{\infty} u^{- \frac{3\alpha}{2}} ( du )^{\alpha} \biggr] \\ =&x^{\frac{\alpha}{2} ( p-2 )} \frac{1}{\varGamma ( \alpha+1 )} \biggl[ \int_{0}^{1} u^{- \frac{\alpha}{2}} ( du )^{\alpha} + \int_{0}^{1} t^{- \frac{\alpha}{2}} ( dt )^{\alpha} \biggr] \\ =&x^{\frac{\alpha}{2} ( p-2 )} \biggl( \frac{2}{\varGamma ( \alpha+1 )} \int_{0}^{1} u^{- \frac{\alpha}{2}} ( du )^{\alpha} \biggr) \\ =&x^{\frac{\alpha}{2} ( p-2 )} \biggl( \frac{2^{\alpha+1}}{ \varGamma ( \alpha+1 )} \int_{0}^{1} ( ds )^{\alpha} \biggr) \\ =& \frac{2^{\alpha+1}}{\varGamma ( 1+\alpha )} x^{\frac{\alpha}{2} ( p-2 )} \\ =&\eta ( \alpha ) x^{\frac{\alpha}{2} (p-2)}. \end{aligned}$$ \end{document}$$

Similarly, we obtain $\documentclass[12pt]{minimal}
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Lemma 2.7 {#FPar11}
---------
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                \begin{document}$$\overline{f} ( x ) = \left \{ \textstyle\begin{array}{l@{\quad}l} 0, &x\in(0,1), \\ x^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{p}},& x\in[1,\infty), \end{array}\displaystyle \right . \qquad \overline{g} ( y ) = \left \{ \textstyle\begin{array}{l@{\quad}l} 0,& y\in(0,1), \\ x^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}},& y\in[1,\infty), \end{array}\displaystyle \right . $$\end{document}$$ *then we have* $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \overline{J} \cdot\varepsilon^{\alpha} = \bigl[ {}_{0} I_{\infty}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} \overline{f}^{p} ( x ) \bigr) \bigr]^{\frac{1}{p}} \bigl[ {}_{0} I_{\infty}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} \overline{g}^{q} ( y ) \bigr) \bigr]^{\frac{1}{q}} \cdot\varepsilon^{\alpha} = \frac{1}{\varGamma ( \alpha+1 )}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \overline{h} \cdot\varepsilon^{\alpha} = {}_{0} I_{\infty}^{\alpha} \biggl[ {}_{0} I_{\infty}^{\alpha} \frac{\overline{f} (x) \overline{g} (y)}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr] \cdot\varepsilon^{\alpha} > \frac{\eta ( \alpha )}{\varGamma ( \alpha+1 )} \bigl( 1-{o} ( 1 ) \bigr)\quad \bigl( \varepsilon\rightarrow 0^{+} \bigr). \end{aligned}$$ \end{document}$$

Proof {#FPar12}
-----

Note the properties of local fractal space \[[@CR5], [@CR7]\]: $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \overline{J} \cdot\varepsilon^{\alpha} =& \bigl[ {}_{0} I_{\infty}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} \overline{f}^{p} ( x ) \bigr) \bigr]^{\frac{1}{p}} \bigl[ {}_{0} I_{\infty}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} \overline{g}^{q} ( y ) \bigr) \bigr]^{\frac{1}{q}} \cdot\varepsilon^{\alpha} \\ =& \bigl[ {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha(1+\varepsilon)} \bigr) \bigr]^{\frac{1}{p}} \bigl[ {}_{1} I_{\infty}^{\alpha} \bigl( y^{-\alpha(1+\varepsilon)} \bigr) \bigr]^{\frac{1}{q}} \cdot\varepsilon^{\alpha} = \frac{1}{\varGamma ( \alpha+1 )}. \end{aligned}$$ \end{document}$$
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                \usepackage{upgreek}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( \frac{1}{2} - \frac{\varepsilon}{q} )^{\alpha} t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} ( dt )^{\alpha} = ( du )^{\alpha}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$- ( \frac{1}{2} - \frac{\varepsilon}{q} )^{\alpha} x^{- \frac{3\alpha}{2} + \frac{\alpha\varepsilon}{q}} ( dx )^{\alpha} = ( dv )^{\alpha}$\end{document}$, we write $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha} \bigr) \cdot {}_{0} I_{\frac{1}{x}}^{\alpha} \bigl( t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr) =& \frac{1}{\varGamma ^{2} ( \alpha+1 )} \biggl( \int_{1}^{\infty} x^{-\alpha} ( dx )^{\alpha} \biggr) \biggl( \int_{0}^{\frac{1}{x}} t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} ( dt )^{\alpha} \biggr) \\ =& \frac{1}{ ( \frac{1}{2} - \frac{\varepsilon}{q} )^{\alpha} \varGamma ^{2} ( \alpha+1 )} \biggl( \int_{1}^{\infty} x^{-\alpha} ( dx )^{\alpha} \biggr) \biggl( \int_{0}^{x^{- \frac{1}{2} + \frac{\varepsilon}{q}}} ( dv )^{\alpha} \biggr) \\ =& \frac{1}{ ( \frac{1}{2} - \frac{\varepsilon}{q} )^{\alpha} \varGamma ^{2} ( \alpha+1 )} \int_{1}^{\infty} x^{- \frac{3\alpha}{2} + \frac{\alpha\varepsilon}{q}} ( dx )^{\alpha} \\ =& - \frac{1}{ ( \frac{1}{2} - \frac{\varepsilon}{q} )^{2\alpha} \varGamma ^{2} ( \alpha+1 )} \int_{1}^{0} ( dv )^{\alpha} \\ =& \frac{1}{ ( \frac{1}{2} - \frac{\varepsilon}{q} )^{2\alpha} \varGamma ^{2} ( \alpha+1 )}. \end{aligned}$$ \end{document}$$

Further, let $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{y}{x} =t$\end{document}$, and by Lemma [2.6](#FPar9){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \overline{h} \cdot\varepsilon^{\alpha} =& {}_{0} I_{\infty}^{\alpha} \biggl[ {}_{0} I_{\infty}^{\alpha} \frac{\overline{f} ( x ) \overline{g} ( y )}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr] \cdot\varepsilon^{\alpha} \\ =& {}_{1} I_{\infty}^{\alpha} \biggl[ \bigl( x^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{p}} \bigr) {}_{1} I_{\infty}^{\alpha} \biggl( \frac{y^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}}}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr) \biggr] \cdot\varepsilon^{\alpha} \\ =& \bigl[ {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha(1+\varepsilon)} \bigr) \bigr] \biggl[ {}_{\frac{1}{x}} I_{\infty}^{\alpha} \biggl( \frac{t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}}}{\max \{ 1, t^{\alpha} \} } \biggr) \biggr] \cdot \varepsilon^{\alpha} \\ =& \bigl[ {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha(1+\varepsilon)} \bigr) \bigr] \\ &{}\times\biggl[ {}_{0} I_{1}^{\alpha} \biggl( \frac{t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}}}{\max \{ 1, t^{\alpha} \} } \biggr) + {}_{1} I_{\infty}^{\alpha} \biggl( \frac{t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}}}{\max \{ 1, t^{\alpha} \} } \biggr) - {}_{0} I_{\frac{1}{x}}^{\alpha} \biggl( \frac{t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}}}{\max \{ 1, t^{\alpha} \} } \biggr) \biggr] \cdot \varepsilon^{\alpha} \\ =& \bigl[ {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha(1+\varepsilon)} \bigr) \bigr] \biggl[ {}_{0} I_{1}^{\alpha} \bigl( t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr)+ {}_{1} I_{\infty}^{\alpha} \bigl( t^{- \frac{3\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr)- {}_{0} I_{\frac{1}{x}}^{\alpha} \biggl( \frac{t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}}}{\max \{ 1, t^{\alpha} \} } \biggr) \biggr] \cdot \varepsilon^{\alpha} \\ =& \bigl[ {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha(1+\varepsilon)} \bigr) \bigr] \bigl[ {}_{0} I_{1}^{\alpha} \bigl( t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr)+ {}_{0} I_{1}^{\alpha} \bigl( t^{- \frac{\alpha}{2} + \frac{\alpha\varepsilon}{q}} \bigr)- {}_{0} I_{\frac{1}{x}}^{\alpha} \bigl( t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr) \bigr] \cdot \varepsilon^{\alpha} \\ =& \frac{1}{ ( \frac{1}{2} - \frac{\varepsilon}{q} )^{\alpha} \varGamma ^{2} ( \alpha+1 )} + \frac{1}{ ( \frac{1}{2} + \frac{\varepsilon}{q} )^{\alpha} \varGamma ^{2} ( \alpha+1 )} - {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha(1+\varepsilon)} \bigr) \cdot {}_{0} I_{\frac{1}{x}}^{\alpha} \bigl( t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr) \cdot \varepsilon^{\alpha} \\ =& \frac{\eta ( \alpha )}{\varGamma ( \alpha+1 )} + o_{1} ( 1 ) - {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha(1+\varepsilon)} \bigr) \cdot {}_{0} I_{\frac{1}{x}}^{\alpha} \bigl( t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr) \cdot \varepsilon^{\alpha} \\ >& \frac{\eta ( \alpha )}{\varGamma ( \alpha+1 )} + o_{1} ( 1 ) - {}_{1} I_{\infty}^{\alpha} \bigl( x^{-\alpha} \bigr) \cdot {}_{0} I_{\frac{1}{x}}^{\alpha} \bigl( t^{- \frac{\alpha}{2} - \frac{\alpha\varepsilon}{q}} \bigr) \cdot \varepsilon^{\alpha} \\ =& \frac{\eta ( \alpha )}{\varGamma ( \alpha+1 )} + o_{1} ( 1 ) - \frac{\varepsilon^{\alpha}}{ ( \frac{1}{2} - \frac{\varepsilon}{q} )^{2\alpha} \varGamma ^{2} ( \alpha+1 )} \\ =& \frac{\eta ( \alpha )}{\varGamma ( \alpha+1 )} \bigl( 1-{o} ( 1 ) \bigr) \quad \bigl( \varepsilon \rightarrow 0^{+} \bigr). \end{aligned}$$ \end{document}$$ □

Main results and applications {#Sec3}
=============================
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Theorem 3.1 {#FPar13}
-----------
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                \begin{document}$0 < {}_{0} I_{\infty}^{\alpha} ( y^{\frac{\alpha}{2} ( q-2 )} g^{q} (y) ) <\infty$\end{document}$, *then* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ {}_{0} I_{\infty}^{\alpha} \biggl[ {}_{0} I_{\infty}^{\alpha} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr] < \eta ( \alpha ) \bigl\{ {}_{0} I_{\infty}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} f^{p} ( x ) \bigr) \bigr\} ^{\frac{1}{p}} \bigl\{ {}_{0} I_{\infty}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} g^{q} ( y ) \bigr) \bigr\} ^{\frac{1}{q}}, $$\end{document}$$ *where the constant factor* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\eta ( \alpha )$\end{document}$ *defined in* ([3](#Equ3){ref-type=""}) *is the best possible*.

Proof {#FPar14}
-----

By Hölder's weighted inequality on the fractal set and Lemma [2.6](#FPar9){ref-type="sec"}, we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} {}_{0} I_{\infty}^{\alpha} \biggl[ {}_{0} I_{\infty}^{\alpha} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr] =& \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{0}^{\infty} \int_{0}^{\infty} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } ( dx )^{\alpha} ( dy )^{\alpha} \\ =& \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{0}^{\infty} \int_{0}^{\infty} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggl[ \frac{y^{- \frac{\alpha}{2p}}}{x^{- \frac{\alpha}{2q}}} \biggr] \biggl[ \frac{x^{- \frac{\alpha}{2q}}}{y^{- \frac{\alpha}{2p}}} \biggr] ( dx )^{\alpha} ( dy )^{\alpha} \\ \leq& \biggl\{ \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{0}^{\infty} \int_{0}^{\infty} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } \frac{y^{- \frac{\alpha}{2}}}{ x^{- \frac{p\alpha}{2q}}} ( dx )^{\alpha} ( dy )^{\alpha} \biggr\} ^{\frac{1}{p}} \\ &{}\times\biggl\{ \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{0}^{\infty} \int_{0}^{\infty} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } \frac{x^{- \frac{\alpha}{2}}}{y^{- \frac{q\alpha}{2p}}} ( dx )^{\alpha} ( dy )^{\alpha} \biggr\} ^{\frac{1}{q}} \\ =& \biggl\{ \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{0}^{\infty} \omega(\alpha,p,x) f^{p} (x) ( dx )^{\alpha} \biggr\} ^{\frac{1}{p}} \\ &{}\times\biggl\{ \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{0}^{\infty} \int_{0}^{\infty} \omega(\alpha,q,y) g^{q} (y) ( dy )^{\alpha} \biggr\} ^{\frac{1}{q}} \\ =&\eta ( \alpha ) \biggl\{ \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} x^{\frac{\alpha}{2} (p-2)} f^{p} (x) ( dx )^{\alpha} \biggr\} ^{\frac{1}{p}} \\ &{}\times\biggl\{ \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} y^{\frac{\alpha}{2} (q-2)} g^{q} (y) ( dy )^{\alpha} \biggr\} ^{\frac{1}{q}} \\ =&\eta ( \alpha ) \bigl\{ {}_{0} I_{\infty}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} f^{p} ( x ) \bigr) \bigr\} ^{\frac{1}{p}} \bigl\{ {}_{0} I_{\infty}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} g^{q} ( y ) \bigr) \bigr\} ^{\frac{1}{q}}. \end{aligned}$$ \end{document}$$

Now assume that equality holds in ([7](#Equ7){ref-type=""}), there exist two nonzero constants *A* and *B* such that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,\infty)$\end{document}$. Because $\documentclass[12pt]{minimal}
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                \begin{document}$0 < {}_{0} I_{\infty}^{\alpha} ( x^{\frac{\alpha}{2} ( p-2 )} f^{p} (x) ) <\infty$\end{document}$, thus inequality ([7](#Equ7){ref-type=""}) is strict.

If the constant factor $\documentclass[12pt]{minimal}
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                \begin{document}$\eta ( \alpha )$\end{document}$ in ([6](#Equ6){ref-type=""}) is the best possible. □

Theorem 3.2 {#FPar15}
-----------

*Under the conditions of Theorem * [3.1](#FPar13){ref-type="sec"}, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {}_{0} I_{\infty}^{\alpha} \biggl\{ y^{\frac{\alpha(2-q)}{2(q-1)}} \biggl[ {}_{0} I_{\infty}^{\alpha} \frac{f(x)}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr]^{p} \biggr\} < \eta^{p} ( \alpha ) {}_{0} I_{\infty}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} f^{p} (x) \bigr), $$\end{document}$$ *where the constant factor* $\documentclass[12pt]{minimal}
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                \begin{document}$\eta^{p} ( \alpha )$\end{document}$ *is the best possible*, *and inequality* ([8](#Equ8){ref-type=""}) *is equivalent to inequality* ([6](#Equ6){ref-type=""}).

Proof {#FPar16}
-----
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                \begin{document}$n\geq n_{0}$\end{document}$, by ([6](#Equ6){ref-type=""}), we find $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \begin{aligned}[b] 0 &< {}_{\frac{1}{n}} I_{n}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} g_{n}^{q} (y) \bigr) \\ &= \frac{1}{\varGamma ( \alpha+1 )} \int_{\frac{1}{n}}^{n} y^{\frac{\alpha}{2} ( q-2 )} g_{n}^{q-1} (y ) g_{n} (y) ( dy )^{\alpha} \\ &= \frac{1}{\varGamma ( \alpha+1 )} \int_{\frac{1}{n}}^{n} {}_{\frac{1}{n}} I_{n}^{\alpha} \biggl( \frac{ [ f ( x ) ]_{n}}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr)y^{\frac{\alpha ( 2-q )}{2 ( q-1 )}} \biggl[ {}_{\frac{1}{n}} I_{n}^{\alpha} \frac{ [ f ( x ) ]_{n}}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr]^{\frac{p}{q}} ( dy )^{\alpha} \\ &= \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{\frac{1}{n}}^{n} \int_{\frac{1}{n}}^{n} \frac{ [ f(x) ]_{n} g_{n} (y)}{\max \{ x^{\alpha}, y^{\alpha} \} } ( dx )^{\alpha} ( dy )^{\alpha} \\ &< \eta ( \alpha ) \bigl\{ {}_{\frac{1}{n}} I_{n}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} \bigl[ f ( x ) \bigr]_{n}^{p} \bigr) \bigr\} ^{\frac{1}{p}} \bigl\{ {}_{\frac{1}{n}} I_{n}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} g_{n}^{q} ( y ) \bigr) \bigr\} ^{\frac{1}{q}}. \end{aligned} \end{aligned}$$ \end{document}$$ Moreover, by ([9](#Equ9){ref-type=""}) we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} 0 < & {}_{\frac{1}{n}} I_{n}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} g_{n}^{q} (y) \bigr) = {}_{\frac{1}{n}} I_{n}^{\alpha} \biggl\{ y^{\frac{\alpha ( 2-q )}{2 ( q-1 )}} \biggl[ {}_{\frac{1}{n}} I_{n}^{\alpha} \frac{ [ f ( x ) ]_{n}}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr]^{p} \biggr\} \\ < & \eta^{p} ( \alpha ) {}_{\frac{1}{n}} I_{n}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} \bigl[ f(x) \bigr]_{n}^{p} \bigr) < \infty. \end{aligned}$$ \end{document}$$
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                \begin{document}$0 < {}_{0} I_{\infty}^{\alpha} ( x^{\frac{\alpha}{2} ( p-2 )} f^{p} (x) ) <\infty$\end{document}$, by ([6](#Equ6){ref-type=""}), both ([9](#Equ9){ref-type=""}) and ([10](#Equ10){ref-type=""}) still keep the form of strict inequalities. Hence we have inequality ([8](#Equ8){ref-type=""}).

On the other hand, by Hölder's inequality on the fractal set and ([8](#Equ8){ref-type=""}), we find $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& {}_{0} I_{\infty}^{\alpha} \biggl[ {}_{0} I_{\infty}^{\alpha} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } \biggr] \\& \quad = \frac{1}{\varGamma ^{2} ( \alpha+1 )} \int_{0}^{\infty} \int_{0}^{\infty} \frac{f(x)g(y)}{\max \{ x^{\alpha}, y^{\alpha} \} } ( dx )^{\alpha} ( dy )^{\alpha} \\& \quad = \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} \biggl[ y^{\frac{\alpha ( 2-q )}{2p ( q-1 )}} \frac{1}{ \varGamma ( \alpha+1 )} \int_{0}^{\infty} \frac{f(x)}{\max \{ x^{\alpha}, y^{\alpha} \} } ( dx )^{\alpha} \biggr] \bigl[ y^{\frac{\alpha ( 2-q )}{2p ( q-1 )}} g(y) \bigr] ( dy )^{\alpha} \\& \quad \leq \biggl\{ \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} y^{\frac{\alpha ( 2-q )}{2 ( q-1 )}} \biggl[ \frac{1}{ \varGamma ( \alpha+1 )} \int_{0}^{\infty} \frac{f(x)}{\max \{ x^{\alpha}, y^{\alpha} \} } ( dx )^{\alpha} \biggr]^{p} ( dy )^{\alpha} \biggr\} ^{\frac{1}{p}} \\& \qquad {}\times\biggl\{ \frac{1}{\varGamma ( \alpha+1 )} \int_{0}^{\infty} y^{\frac{\alpha}{2} ( q-2 )} g^{q} ( y ) ( dy )^{\alpha} \biggr\} ^{\frac{1}{q}} \\& \quad < \eta ( \alpha ) \bigl\{ {}_{0} I_{\infty}^{\alpha} \bigl( x^{\frac{\alpha}{2} ( p-2 )} f^{p} ( x ) \bigr) \bigr\} ^{\frac{1}{p}} \bigl\{ {}_{0} I_{\infty}^{\alpha} \bigl( y^{\frac{\alpha}{2} ( q-2 )} g^{q} ( y ) \bigr) \bigr\} ^{\frac{1}{q}}. \end{aligned}$$ \end{document}$$

The above inequality is ([6](#Equ6){ref-type=""}), therefore inequality ([8](#Equ8){ref-type=""}) is equivalent to inequality ([6](#Equ6){ref-type=""}).

If the constant factor in ([8](#Equ8){ref-type=""}) is not optimal, then by ([8](#Equ8){ref-type=""}) we can get a contradiction that the constant factor in ([6](#Equ6){ref-type=""}) is not the optimal too. Thus the constant factor $\documentclass[12pt]{minimal}
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                \begin{document}$\eta ^{p} ( \alpha )$\end{document}$ in ([8](#Equ8){ref-type=""}) is the best possible. □

Simple applications {#Sec4}
===================

Selecting *α* values in ([6](#Equ6){ref-type=""}) and ([8](#Equ8){ref-type=""}), and using mathematics software to calculate, some Hilbert-type fractional integral inequalities and their equivalent forms are obtained.

Example 1 {#FPar17}
---------
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                \begin{document}$\eta ( 1 ) =4$\end{document}$, then we obtain inequalities ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}).

Example 2 {#FPar18}
---------
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                \begin{document}$\eta ( 0.5 ) =4 \sqrt{\frac{2}{\pi}}$\end{document}$. Suppose that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$0 < {}_{0} I_{\infty}^{0.5} ( f^{2} ( x ) )<\infty$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$0 < {}_{0} I_{\infty}^{0.5} ( g^{2} ( y ) ) <\infty$\end{document}$, then we have the following equivalence inequalities: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& {}_{0} I_{\infty}^{0.5} \biggl[ {}_{0} I_{\infty}^{0.5} \frac{f(x)g(y)}{\max \{ \sqrt{x}, \sqrt{y} \} } \biggr] < 4 \sqrt{ \frac{2}{\pi}} \bigl\{ {}_{0} I_{\infty}^{0.5} \bigl(f^{2} ( x ) \bigr) \bigr\} ^{\frac{1}{2}} \bigl\{ {}_{0} I_{\infty}^{0.5} \bigl( g^{2} ( y ) \bigr) \bigr\} ^{\frac{1}{2}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document} $$\begin{aligned}& {}_{0} I_{\infty}^{0.5} \biggl[ {}_{0} I_{\infty}^{0.5} \frac{f(x)}{\max \{ \sqrt{x}, \sqrt{y} \} } \biggr]^{2} < \frac{32}{ \pi} {}_{0} I_{\infty}^{0.5} \bigl( f^{2} ( x ) \bigr), \end{aligned}$$ \end{document}$$ where the constant factors $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
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                \usepackage{upgreek}
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                \begin{document}$\frac{32}{\pi}$\end{document}$ are the best values.

Example 3 {#FPar19}
---------
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                \usepackage{upgreek}
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                \begin{document}$p = q =2$\end{document}$, to calculate formula ([3](#Equ3){ref-type=""}), we find $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta ( 0.1 ) = \frac{20 \sqrt[10]{2} \varGamma ( \frac{\pi}{10} )}{\pi \operatorname{csc} ( \frac{\pi}{10} )}=2.253161500^{+}$\end{document}$. Suppose that $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$0 < {}_{0} I_{\infty}^{0.1} ( f^{2} ( x ) )<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < {}_{0} I_{\infty}^{0.1} ( g^{2} ( y ) ) <\infty$\end{document}$, then we have the following equivalence inequalities: $$\documentclass[12pt]{minimal}
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Conclusions {#Sec5}
===========

In the paper, based on the local fractional calculus theory, a Hilbert-type fractional integral inequality and its equivalent form are tentatively researched. The results show that some methods and skills of the Hilbert-type integral inequality can be transplanted to the research of Hilbert-type fractional integral inequality, which provides a new direction and field to research Hardy-Hilbert's integral inequalities.
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